We consider planar central configurations of the Newtonian κn-body problem consisting in κ groups of regular n-gons of equal masses, called (κ, n)-crown. We derive the equations of central configurations for a general (κ, n)-crown. When κ = 2 we prove the existence of a twisted (2, n)-crown for any value of the mass ratio. Moreover, for n = 3, 4 and any value of the mass ratio, we give the exact number of twisted (2, n)-crowns, and describe their location. Finally, we conjecture that for any value of the mass ratio there exist exactly three (2, n)-crowns for n ≥ 5.
Introduction
In the N -body problem a configuration is central if the acceleration vector for each body is a common scalar multiple of its position vector with respect to the center of mass. The study of central configurations allows to obtain explicit solutions of the N -body problem where the shape remains constant up to rescaling and rotation. While much is known about specific cases, usually involving symmetry or assuming that some bodies are infinitesimally small, less is known about the general structure of the set of central configurations. See Saari [9] for a introduction to the subject.
We focus on central configurations of the planar N -body problem for N = κn, consisting in κ groups of n bodies located at the vertices of regular n-gons. In principle, no conditions on the masses of the same gon are imposed. Nevertheless, in the case of two regular n-gons, Zhang and Zhou [14] prove that the masses within each group must be equal. Although it is not known if that condition is necessary for more than two regular n-gons, we will restrict our study to central configurations such that all the bodies within the same gon have the same mass. We denote such central configurations by (k, n)-crowns (see Definition 1).
In Corbera et al. [3] , the authors prove the existence of nested (κ, n)-crowns, where the bodies are at the vertices of κ homothetic regular n-gons (the vertices of the different n-gons are aligned), called nested n-gons, for all κ ≥ 2 and n ≥ 2. Zhao and Chen [15] prove the existence of central configurations of the (pn + gn)-body problem, where p regular n-gons are nested, and g regular n-gons are rotated exactly an angle π/n with respect the other ones. Llibre and Mello [5] show existence of (κ, n)-crowns for specific cases with κ = 3, 4.
In the case of two regular n-gons, Yu and Zhang [12] give a necessary condition for a (2, n)-crown: either the rings are nested or they must be rotated an angle π/n. Also, Yu and Zhang [13] wonder if the two regular n-gons can have different number of bodies, and the answer was negative. When the two gons are nested, Moeckel and Simó [7] prove that for every mass ratio, there are exactly two planar central configurations.
Beyond concentrating on the study of the existence of (k, n)-crowns for any given set of masses, our main aim is, as in Moeckel and Simó [7] , to count how many there are.
The main goal of the paper is twofold. First, in Section 2, we present the general equations for central configurations of κ n-gons, each one with n bodies of the same mass. Each (κ, n)-crown is
Equations and definitions for general crowns
Consider the planar Newtonian N -body problem, N = κn, consisting in κ groups of n bodies where all n bodies in the j-th group have equal mass m j , j = 1, . . . , κ. Let q ji ∈ R 2 , j = 1, . . . , κ, i = 1, . . . , n, be the position of each body in a reference frame where the center of mass is at the origin of coordinates. A central configuration of the κn-body problem is a configuration q = (q 11 , q 12 , . . . , q κn ) ∈ R 2κn such that, for a value of λ ∈ R, satisfies the equation
where U is the Newtonian potential
and M is the diagonal matrix with diagonal m 1 , . . . , m 1 , . . . , m κ , . . . , m κ (each mass m j repeated n times).
We are interested in central configurations such that all the bodies in the same group form a regular n-gon, also called ring.
Definition 1 A central configuration formed by κ groups of n bodies in a regular n-gon such that all the masses of the same group are equal, is called a crown of κ rings of n bodies, or simply a (κ, n)-crown.
We denote by q j = q j1 the position of the leader of each group, so once its position is known, all the others bodies in the same ring are fixed. Introducing polar coordinates, we can write
where j ∈ (−π/n, π/n] and a j > 0 are the polar angle of the leader and the radius of the jth ring, j = 1, . . . , κ, respectively. Therefore, a (κ, n)-crown is determined by three sequences (m 1 , . . . , m κ ), ( 1 , . . . , κ ) and (a 1 , . . . , a κ ) of κ elements, with m j > 0 and a j > 0.
Proposition 1 Consider a (κ, n)-crown with masses m j , j = 1, . . . , κ and bodies located at q ji , j = 1, . . . , κ, i = 1, . . . , n as in (2) . Then, exists a constant λ such that the angles j and the radii a j > 0, j = 1 . . . , n, must satisfy the set of equations
Proof Due to the symmetries of the problem, only 2κ equations in (1) are independent. Thus, it is enough to satisfy the 2κ equations related to the leaders:
Using (2), the set of equations given in (3) are obtained.
A first question arise: how many distinct (κ, n)-crowns exists for a given set of masses. That is, how many different sequences of radii and angles satisfy the system of equations (3) for a given set of masses. Clearly, the set of (κ, n)-crowns is invariant under rotations (around the origin) and dilations. In order to count the number of (κ, n)-crowns, we fix their size and identify the rotationally equivalent configurations. Therefore, we take 1 = 0 and a 1 = 1.
Definition 2 For any fixed values of κ and n, consider a configuration of κ rings of n bodies as in (2) . We say that (1, a 2 , . . . , a κ ) and (0, 2 , . . . , κ ), where a j > 0 and j ∈ (−π/n, π/n], are admissible if there exist a constant λ and a sequence of positive masses (m 1 , . . . , m κ ) such that Equations (3) are satisfied.
The system of Equations (3) has κ − 1 degrees of freedom. It seems natural to fix the angles j , j = 2, . . . , κ, and look for admissible radii. A second question arise: is any sequence of angles admissible? In the case of κ = 2 rings, the answer is no. Yu and Zhang [12] show that there exist only two sequences of admissible angles ( 1 , 2 ): (0, 0) and (0, π/n). That is, the vertices of the two rings are aligned, or the vertices of the second one are located at the bisector lines of the vertices of the first ring.
In the case κ ≥ 3, as far as we know, no necessary conditions have been given in terms of the angles j , and all the examples known satisfy | l − j | = 0, π/n for all l, j. For example, Llibre and Mello [5] show the existence of some (3, 3)-crown and also some (4, 2)-crown. Siluszyk [10] shows numerically the existence of some (3, 2)-crowns where a 2 = a 3 . In Figure 1 we show two examples of crowns of three rings (with a numerical accuracy up to 10
−10
). In both cases, Notice that the sequence of admissible radii has no order established beforehand.
Lemma 1 For any fixed value of κ and n, consider a sequence of ( j )
for any value of m j and a j > 0, j = 1, . . . , κ.
The proof is a straightforward calculation.
The imaginary part of the set of Equations (3) writes
Since the first sum is always zero, applying Lemma 1, when | l − j | = 0, π/n for all l, j, the second sum also vanishes and the set of Equations (3) reduce to κ equations with κ degrees of freedom. It is not known whether for other differences | l − j | different from 0, π/n Equations (4) are satisfied for any value of m j and a j , j = 1, . . . , κ. Otherwise, when the sequence of angles follow specific relations or proportions, it is possible that some of the κ equations in (4) vanish and the total number of equations in (3) would also be reduced.
Proposition 2 Consider a (κ, n)-crown with masses m j , j = 1, . . . , κ and bodies located at q ji , j = 1, . . . , κ, i = 1, . . . , n as in (2), such that | l − j | = 0, π/n for all j, l. Then, exists a constant λ such that the radii a j > 0 must satisfy the set of equations
where
and
for j, l = 1, . . . , κ
Proof Using | l − j | = 0, π/n for all j, l, then all κ equations in (4) are satisfied. And the real part of the system of equations (3) gives the system (5).
Under the hypothesis of Proposition 2, the system (5) has κ equations and 2κ unknowns: λ, the masses m j for j = 1, . . . , κ and the radii a j , for j = 2, . . . , κ. We can eliminate λ using the equation of the first ring j = 1, so we end up with the κ − 1 following equations:
Furthermore, we can normalize the system (8) by setting m 1 = 1. Thus, system (8) have κ − 1 equations with 2κ − 2 unknowns and writes:
Definition 3 Consider a (κ, n)-crown and let q j = a j e i j , a j > 0, j = 1, . . . , κ, be the position of the leaders of each ring. We say that the j-th and k-th rings are nested if j − k = 0, and are twisted if | j − k | = 0. A (κ, n)-crown with at least two twisted rings is called a twisted crown, whereas if all the rings are nested, is called a nested crown.
From now on, we restrict our attention to the case of two twisted rings. We prove that for any set of masses there exists, at least, one (2, n)-crown. Furthermore, for a given set of masses we will count the number of (2, n)-crowns in the case of n = 3, 4. We will also give a conjecture for the general case n ≥ 5.
Twisted crowns of two rings
We consider the case of twisted (2, n)-crowns, so that by Yu and Zhang [12] , the only admissible angles are 1 = 0 and 2 = π/n. Then, the set of Equations (9) reduces to
and a = a 2 , m = m 2 . Equation (10) was also obtained by Roberts [8] and Yu and Zhang [12] .
Solving Equation (10) with respect to the mass m as a function of the radius a > 0, we obtain the following expression:
We have used C 1 (a) = a −2 C 2 (1/a) to derive the expression (12) . Notice that H(1) = 1, which means that if the second ring is located on the same circle than the first one, then the masses of all bodies are equal, and the regular 2n-gon central configuration is obtained.
The following result is straightforward.
Lemma 2 Let H be the function defined in (12) for a ∈ (0, ∞). Then H(1/a) = 1/H(a) for any a > 0.
Recall that, from Definition 2, an admissible sequence of radii is given by (1, a). For a (2, n)-crown we define
From Lemma 2 we have that if a ∈ A 2 (n), so is 1/a. That is, the (2, n)-crowns determined by the sequences (1, m), (1, a) and the sequences (1, 1/m), (1, 1/a) are qualitatively the same, in the sense that one is just the other one conveniently scaled.
The case of two twisted rings of two bodies (n = 2) is already known till 1932 from a work by MacMillan and Bartky [6] (see also Zhang and Zhou [14] ): for any positive value of m, there exists only one central configuration. Moreover, the admissible values for the radius are 1/ √ 3 < a < √ 3. Furthermore, it is not difficult to see that when m > 1 then a < 1, so that the bigger masses are always located in the inner ring, and the limit values a = √ 3 and a = 1/ √ 3 correspond to the limit cases m = 0 and m = ∞, respectively.
Equations (10) and (12) are similar to the ones obtained by Moeckel and Simó [7] for the nested case 1 = 2 , changing cos((2k − 1)π/n) by cos(2kπ/n). In the case of nested (2, n)-crowns, the authors prove that for any positive m there exist two central configurations. The proof is based in the fact that the function
and all of its derivatives are positive. In our case the function involved is
Then, function F , defined in (13) can be written as
While in the nested (2, n)-crowns, the function F is the sum of two increasing functions in the interval (0, 1), which implies that there exists only one root of F (a) = 0 in that interval, in the twisted (2, n)-crowns, the function φ and its derivatives do not have constant monotonicity. So, we can not use the same arguments and we must adopt a different approach.
Next result can be found in [8] and [1] . Both works deal with the study of relative equilibria in the Maxwell's ring problem plus a central mass, where the same function F appears. Its proof is based on the fact that F (1) = S n − C 2 (1) < 0, lim a→0 + F (a) a = S n + n 2 > 0, and lim a→+∞ F (a) = lim a→0 + F (1/a) = +∞.
Lemma 3 Let
Proof It is enough to prove that the function H defined in (12) has a range from 0 to ∞. Let be z 1 < z 2 < . . . < z n all the roots of the equation F (a) = 0. Therefore, they are all the zeros of H(a) and 1/z n < . . . < 1/z 1 are all its poles. Recall that H(1) = 1.
Let k be such that z k < 1 < z k+1 . Suppose that 1/z k < z k+1 . Then, H is continuous in the interval [z k , 1/z k ) and ranges from 0 to +∞. Now suppose that z k+1 < 1/z k . Then, H is continuous and do not vanish in the interval (1/z k+1 , z k ], so it ranges from 0 to +∞.
In the next subsections we give the exact number of twisted (2, n)-crowns for n = 3, 4 and for a fixed value of m. When n ≥ 5 we give some partial results and present a Conjecture. Our methodology follows two steps: first, to study the set of admissible values A 2 (n); second, to study the monotonicity of the function H.
Two twisted rings of three bodies
We consider a (2, 3)-crown of two twisted triangles. In this case, the function F in (13) writes:
We start with a technical result that allows us to determine the set of admissible values of a for n = 3. The proof can be found in the Appendix.
Lemma 4 Consider the function F (a) given in (15) . Then F (a) = 0 has exactly two positive solutions z 1 < 1/2 and z 2 > 1 satisfying z 1 z 2 < 1.
Proposition 3
The set of admissible radii for twisted (2, 3)-crowns is
where z 1 and z 2 are given in Lemma 4.
Proof By definition of H in (12) , its zeros are z 1 and z 2 , and its poles are 1/z 2 and 1/z 1 . From Lemma 4, z 1 z 2 < 1 and therefore 0 < z 1 < 1/z 2 < z 2 < 1/z 1 . Furthermore, F (0) = 0 and F (1) < 0. Thus, F (a) < 0 only for a ∈ (z 1 , z 2 ). Combining the signs of F (a) and F (1/a), the admissible radii a > 0 for which m = H(a) > 0 are
Next, in order to count the number of central configurations of two twisted equilateral triangles, we need information of the behavior of the function H.
Lemma 5
Let H be the function given in (12) for n = 3 and a > 1. Then, 1. H has only two critical points: a local maximum at 1 < a < z 2 , and a local minimum at 1/z 1 < a < +∞, where z 1 and z 2 given in Lemma 4; 2. the equation H(a) = a has only one positive solution at a = 1.
The proof can be fount in the Appendix. Recall that the behavior of H for a < 1 can be recovered using Lemma 2. Now, we can give the exact number of (2, 3)-crowns for any positive mass m. 2. For any m < m < M there exists only one twisted (2, 3)-crown with 1/z 2 < a < 1.
For any m > M , there exists exactly three twisted (2, 3)-crowns.
One of them satisfies 1/z 2 < a < 1 and the other two a > 1/z 1 .
For m = 1, m, M the number of different twisted (2, 3)-crowns is exactly two.
Proof Let be m and M the values of H at the local maximum and minimum for a > 1 respectively, given by the first statement of Lemma 5. Using the second statement of the same Lemma, we have that m < M . The proof follows easily from Lemma 2 and the following properties of the function H:
1. H(0) = H(z 1 ) = H(z 2 ) = 0 and H(1) = 1;
2. 1/z 1 and 1/z 2 are poles of H.
Notice that using Lemma 2, the number of (2, 3)-crowns for m < 1 are obtained.
In Figure 2 , the function H is plotted. The approximate bifurcation values are m = 1.0007682... and M = 35.70017694.... In Figure 3 we show the three (2, 3)-crowns for m = 40. 
Two twisted rings of four bodies
We consider (2, 4)-crowns of two twisted squares. In this case, the function F in (13) writes:
Similarly to the previous subsection, we start with a technical result about the zeros of the function F (proof in the Appendix).
Lemma 6 Consider the function F (a) given in (16). Then F (a) = 0 has exactly two positive solutions z 1 < 1 < z 2 satisfying z 1 z 2 > 1.
Notice that, the number of zeros of F is the same as in the case n = 3, but their product in this case is bigger than one. That is an important property to determine the admissible values of a for a (2,4)-crown.
Proposition 4 The set of admissible radii for twisted (2, 4)-crowns is
where z 1 and z 2 are given in Lemma 6.
Proof By definition of H in (12) , its zeros are z 1 and z 2 , and its poles are 1/z 2 and 1/z 1 . From Lemma 6, we have that 0 < 1/z 2 < z 1 < 1 < 1/z 1 < z 2 . Furthermore, F (0) = 0 and F (1) < 0. Thus, F (a) < 0 only for a ∈ (z 1 , z 2 ). Combining the signs of F (a) and F (1/a), the admissible values a > 0 for which H(a) > 0 are
Lemma 7 Let H be the function given in (12) for n = 4. Then, H is monotone increasing. Proof The proof is straightforward taking into account that z 1 , z 2 are the zeros of H, 1/z 1 , 1/z 2 its poles, and that H is monotone increasing, so any equation m = H(a) has three solutions, each one in one of the intervals of the admissible set A 2 (4). In the case m = 1, if a = 1 is a solution of H(a) = 1, the crowns with radii a and 1/a represent the same twisted crown rescaled.
Two twisted rings of n ≥ 5 bodies
The main obstruction to give the exact number of twisted (2, n)-crowns is to determine the number of solutions of F (a) = 0, where F is defined in (13) . Several authors have deal with that problem for a general value n, but as far as we know, no one has been able to prove that F has exactly two zeros.
It is well known that F (see Lemma 3) has at least two zeros for any n ≥ 3, denoted by z 1 and z 2 . Some results can be given supposing that z 1 and z 2 are the only positive solutions of F (a) = 0. Roberts, in [8] , shows that for n ≥ 5
Using the results recently obtained in Barrabés and Cors [2] , we can give a better bound.
Lemma 8 Let be n ≥ 5 and suppose that z 1 and z 2 are the only positive solutions of F (a) = 0, where F is given in (13). Then
Proof The results follows from the fact that for any n ≥ 5, F (a n ) > 0 and F (1/a n ) < 0, where a n = cos π n , as is stated in Barrabés and Cors [2] , and the fact that F (1) < 0, proved in [8] .
In Table 1 we show the approximate numeric values of z 1 and z 2 for some values of n. Conjecture 1 For any n ≥ 5:
1. The function F , defined in (13), has only two positive solutions, denoted by z 1 and z 2 .
The set of admissible values for a (2, n)-crown is
3. For any value of the mass ratio m > 1, there exists exactly three twisted (2, n)-crowns.
4. For m = 1, there exists exactly two twisted (2, n)-crowns.
Notice that item 2 of the above Conjecture is an immediate consequence of the first one and Lemma 8. If z 1 and z 2 are the only zeros of F , we have that z 1 · z 2 > 1 and the set of admissible values A 2 (n) is obtained. Then, using that z i and 1/z i are zeros and poles (respectively) of the function m = H(a), its range is [0, ∞) in each one of the disjoint intervals of A 2 (n). Then, there exist, at least, three twisted (2, n)-crowns. For n ≤ 100, we have checked numerically also that H is monotonic increasing, so the number of crowns is exactly three, except for m = 1, which is two. In Figure 4 we plot the function H(a) for several values of n. 
Acknowledgements 5 Appendix
In this section we give proof of some of the Lemmas used. In some cases, one can convince himself of the certainty of the results simply by plotting the graphic of a function. Nevertheless, we give here a rigorous analytical proof of each one of them.
All the results to prove involve the problem of findings roots of an equation. To tackle the issue, we make use of two classic tools. On one hand, we will utilize Sturm's theorem to give a rigorous computer-algebra assisted proof in the case of zeros of polynomials with integer coefficients. On another hand, we will apply Theorem 2 of Voorhoeve and Van Der Poorten [11] in order to have un upper bound of the total number of zeros of a function in an interval. We recall here that result.
Let P (a) = Then the number of zeros of P in the interval I counted according to multiplicity, N I (P ), satisfies
where W (p 1 , . . . , p k ) denotes the Wronskian determinant of the functions involved.
Finally, we also study the monotonicity of the function H. From its expression given in (12), we have that
The denominator of (18) is always positive, so we will study the sign of its numerator.
Proof of Lemma 4
We want to prove that the equation F (a) = 0, where F is given in (15):
has exactly two positive solutions z 1 < 1/2 and z 2 > 1 satisfying z 1 z 2 < 1.
We notice that F (1/2) = 0. Then, the solutions of F (a) = 0 are the same ones of F (a) = 0, where
and the functions f 1 and f 2 are real analytic in the intervals I 1 = [ , 1/2 − ] and I 2 = [1/2 + , K] for any > 0 and K >> 1/2. We study the number of solutions of F (a) = 0 in each interval.
The following limits
imply that the function F has at least one zero in each interval I j , j = 1, 2 for small enough and K big enough, and the total number of zeros must be odd. Applying (17), and using that f 1 has no zeros, we have that
We first examine the number of roots of ∆(a) in the interval I 2 . Introducing a translation, we can write
Therefore ∆(a) has no zeros in I 2 , and, using (19), N I2 (F (a)) = 1.
Next, we study the number of roots of ∆(a) in the interval I 1 . On one hand we have that ∆(0) · ∆(1/2) < 0, so at least there exists one zero. On the other hand, using that a ∈ (0, 1/2),
Then, ∆(a) = 0 has exactly one solution in the interval I 1 , so that by (19)
But the total number of zeros of F in I 1 must be odd because of the change of sign of F in the interval I 1 . Therefore, N I1 (F (a)) = 1.
Finally, we know that z 1 < 1/2 and it is easy to see that F (1) < 0 and F (2) > 0, so 1 < z 2 < 2. Therefore, z 1 z 2 < 1.
Proof of Lemma 5
Let F be the function given in (15) , and let H be defined as in (12) . We look for the critical points of H. We introduce the expression of F in the expression for H (18), and multiply it by
. Then, the critical points of H are also solutions of the equation
It is easy to check that E(1) > 0, E(2) < 0 and E(4) > 0, so at least there exist two roots of H = 0 located in I 1 = [1, 2] and I 2 = [2, 4] . Thus, N Ij (H ) ≥ 1, j = 1, 2. We also consider the interval I 3 = [4, ∞). Therefore, applying (17), the number of roots (counting multiplicity) of H = 0 in each interval is bounded by
Using Descarte's rule (after a suitable translation if needed), it is not difficult to see the following properties:
• p 1 has only one zero for a > 1 located in I 2 .
•
, where p 3 (a) is a polynomial of degree 20 with only one zero for a > 1 located at I 3 .
Then, it follows that N Ij (H ) = 1, for j = 1, 2. Finally, to see that there are no roots in [4, ∞), it is enough to see that p 2 1 (a) − (1 + a 2 − a)p 2 2 (a) > 0 in that interval. So far, we have seen that there exist a critical point of H in [1, 2] and another one in [2, 4] . To finish the proof of the first statement, notice that H(1) = 1 and H(z 2 ) = 0 and z 1 is a pole of H. Thus, the first critical point must be a local maximum at (1, z 2 ) and the second one must be a local minimum at (1/z 1 , ∞). See Figure 2 .
The second statement claims that the only positive solution of H(a) = a is a = 1. The equation can be written as
(1 + a) 2 . Clearly the equation has a = 1 as a solution. Simplifying by the term a − 1 at both sides and rearranging we obtain
The study of the derivative of the functions of both sides of the equations leads quickly to the conclusion that the equation has no positive solutions. Therefore, a = 1 is the only positive solution of H(a) = 0. This concludes the proof.
Proof of Lemma 6
We want to proof that the function F (a) given in (16):
has exactly two positive roots z 1 and z 2 satisfying z 1 z 2 > 1.
We introduce the change a = b √ 2/2 and the function writes Therefore, there exist at least one root in (0, √ 2), and in ( √ 2, ∞) (respectively in the intervals (0, 1) and (1, ∞) in the variable a). The equation corresponds to a polynomial of degree 12 with only two real roots. By a Bolzano argument, only one of the roots is smaller that b 0 and could be a zero of W (f 1 , f 2 ). Therefore, we have that N Ij (W (f 1 , f 2 )) ≤ 1, j = 1, 2. Using the fact that there is a change of sign in each interval we conclude that N Ij (F ) = 1, j = 1, 2.
To finish the proof of the Lemma, using a Bolzano's argument we have that 
Proof of Lemma 7
We want to prove that the function H(a) given in (12) for n = 4 is monotonic increasing. Recall that from Lemma 2, it is enough to show that H (a) > 0 for a ∈ (0, 1], or equivalently, that the numerator of (18) , where
and simplifying, we get that H (a) > 0 is equivalent to
